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Abstract — In this paper we show the new Bell-type inequality for three qubit systems (i.e a tripartite system with two 
measurements in each side and two outputs for each measurement). This inequality is violated by quantum theory with a 
factor violation of 3.5 tolerating 0.5 fraction of white noise. Our inequality includes only 19 different joint probabilities 
whereas in other works it is much more than this. We will also show violation amount of this inequality is 2.5. Note that 
the maximum violation factor and amount of violation in available inequalities are both 2, also the white noise 
tolerance of our inequality is in agreement with maximum value calculated so far. 
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I. INTRODUCTION 

Quantum mechanics cannot be described by local hidden variable theories. In quantum theory, the tests of local 
realism are based on Bell-type inequalities. Original Bell inequality did not have any capabilities to be studied 
empirically in the laboratories [1]. Since then, many attempts have been made to obtain Bell-type inequalities which 
are violated by a higher factor so that it would be experimentally easy to test the non-locality feature of quantum theory. As 
the non-locality feature of quantum theory is intensively used in quantum information, Bell type 
inequalities have received more attention in recent years [2]. 

A variant of Bell-type inequality, being more general and more useful for an experimental test, was derived by Clauser, 
Home, Shimony and Holt (CHSH) [3]. In 1982, Aspect, et al. performed a verification experiment for a possible violation of 
Bell inequalities in CHSH form [4]. CHSH inequality is derived from two particles. N-particle generalizations of the CHSH 
inequality were proposed by Mermin, and later developed by Ardehali, Bleinski and Khyshko and others. See [5-8]. 
Quantum predictions can violate such inequalities by an amount increasing exponentially with the particle number [9]. for 
N=3, maximal violation factor (i.e. the ratio of the value of Bell-type inequalities in quantum theory to their value in local 
theory) and maximum amount of violation (i.e. the difference between the value of Bell expression according to quantum 
theory and its extermum value according to local theory) are both 2. In these systems, white noise tolerance is 0.5 [10]. 
In this paper, we consider a three qubit system (i.e a three particles system with two dichotomic measurements on each 
particle, and two outcomes for each measurement). Then for local theory, we introduce a new Bell type expression for this 
system based on numerical calculations. We will show that the violation factor and the amount of violation of this inequality 
exceed those of available inequalities [5-9], while its white noise tolerance agrees with the previous results. 

II. THREE QUBIT SYSTEMS 

To verify the non-locality in quantum theory We would introduce a three qubit system consisting of particles A l , A 2 

and A 3 in which two dichotomic measurements BJ, B J , and Bj can be performed on particles A l , A 2 and A 3 

respectively, where i, j,k G {1,2} . The outcomes of these measurements are denoted bj, b J 2 and which can take the 
values 0, 1 . 

The local realism assumes the existence of positive triple joint probabilities involving all 

possible observations from which it should be possible to obtain all the quantum predictions as 

12 1 2 1 2 
b l' b l ,b 2' b 2' b V b 3 U 1 A U 2 

marginals. Let's denote these triple joint probabilities by Q . . . 0 . , , where D and D represent the 

11 • B 2 ,B 2' B 3' B 3 

outcome values for measurements B[ and B^ on particle A, , b 2 and b 2 represent the outcome values for 
measurements B 2 and B 2 on particle A 2 and bj and bj represent the outcome values for measurements 
B^ and Bj on particle A 3 respectively. These probabilities are positive. Obviously: 
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n b l' b l' b 2- b 2' b 3' b 3 1 m 

4 l 2 R l R 2 _1 R 2 1 K1) 

hlh2 h l h2 h l h 2 B l B l - B 2 B 2 B 3 ' B 3 
b r bj ,b 2 ,b 2 ,b 3 ,b 3 

b l b 2 b l b 2 b l b 2 

The total number of q V 1 ' 2 ' 2 ~ 3 ' 3 , 's, denoted as N , is 64. 

Bj,Bj ,B 2 ,B 2 ,B 3 ,B 3 
r> b r b 2' b 3 

Also assume r . . represents the joint probability that in a particular setting, (i.e. the probability 

Bj,B 2 ,Bf 

of obtaining the values b j , b \ and b' in a simultaneous measurement of observables B ^ , B 2 and B k on the 
particles Aj , A 2 <ffld A 3 respectively). 

The joint probabilities take the form: 

p bj,b 2 , b k = y ^444*3^ (2) 

B 'f B 2- B l .i'J.k' ^444^3 
bj ,b 2 ,b 3 



where i',j',k' g {1,2} and i'^i, j' * j and k' ^ k . 



hi hJ h k 



From Eqs. (1) and (2) we have V P r 2 ' 3 = 1 . The total number of P V 2 ' 3 's is N = 64 . 

. ; , b'bA.b, b!.bJ,b, 
b i b J b k 1 2 3 12 3 

l'2-3 

As it is clear, for a local theory a Bell type expression, B , is a linear combination of joint probabilities which can be written 



as: 



6= ZyI'IkP, 1 ;; o> 

I,J.K,l.m,n 

where I e {B; , B 2 } , J E {B' 2 ,B 2 2 } , K e {b' ; B 2 }, 1 e {b\)o\} , me{b^b 2 } andne{b^,b 2 }. 



Using equation (2) the Bell inequality in terms of q's would become: 



U2hl h2 b l b 2 > 



j 3 ," 3 



/ \ 12 12 

_ y („ ai,a 2 ,bi,b2,ci,c 2 _ ai,a2,bi,b2,ci,c2 U b l ,b l ' b 2' b 2 

£? [\ ^B;,B 2 Bi,B 2 ,Bi.B2 . 

ai,a2,bi> b 2' c l< c 2 V 112 2 3 3/ 

It is clear that: 



(4) 



-e<6<d (5) where 

d(e) is the greatest of positive real numbers T| ' ()Ll' s) in equation (5). 



One of the well-known Bell type inequalities for three partite systems is Mermin inequality, 
which is expressed as [6]: 

B M =E(B;,B 2 ,B 3 2 ) + E(B 2 ,B^B3) + E(B 2 ,B 2 2 ,B;)-E(B;,B;,B;) (6) 
Where ECB^B^B*) is [5]: 

e(b;,b^,b^) = (b;,b j 2 ,b:) = XXX^D^tll ^ 

aj bj c k B r B 2 >B 3k 

In the above equation "u" is the number of zero's resulted in each particular setting. 
It is shown in [6] that Mermin inequality for local theories is: 

-2<B M <2 (8) 

Mermin inequality satisfies in Eq. (5) for e=d=2, however, according to quantum theory, the upper bound of Mermin 
inequality is 4. Here, the violation factor and amount of violation are both 2 and the maximum white noise tolerance 
calculated is 0.5 [10, 11]. 



III. A NEW TREE QUBIT BELL INEQUALITY 

According to local theories, various Bell expressions are defined which correspond to different values of e and d in 
Eq. (5). These expressions are violated by quantum theory. The violation factor and the amount of violation of original Bell 
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inequality, for e=l and d=0 in Eq. (5), are 1.414 and 0.414 respectively. In [12] several Bell type inequalities, with different 
values of e and d, are introduced. The numerical results in [12, 13] show that amount of violation and the violation factor of 
inequalities, as defined in section 2, are related to e and d, and maximum violation increases when the upper/lower bound in 
Eq. (5) increases/decreases. 

One of these Bell expressions, for a tow qubit system, is as follows [12]: 



l< 



-LP"' 1 +P 1 ' 0 _|_P U ' U 

1 11119 19 

,152 12 12 12 



1 

+ P 1 ; 1 , +P° 7 ' , -2P 1 -' , -P u : u , +2P 1 -? , 

pi p Z pZ pi pZ pi D Z r> Z p Z pi 

V B 1' B 2 B 1' B 2 B 1 B 2 B 1' B 2 B 1' B 2 7 



<2 (9) 



where B J and B ' 2 are two possible measurements performed on particles A , and A respectively and 
i, j e {l,2} . With this notation, outcomes of these measurements are bj and b' 2 which b* , e {0,l}. So 

P ! 2 denotes the probability that in a particular experiment, measurement Bj on particle A[ results b! and 

B i- B 2 

measurement B^ on particle A 2 results b' 2 . The calculated violation factor and amount of violation, for inequality 
(9), are 1.621 and 0.621 respectively which are more than the previous results in the literature. 

Inspired by the result obtained in [12, 13], we have looked for three qubit Bell- type inequality in local theories which 
violates quantum theory with stronger violation. 

Writing Eq. (2) in matrix form, i.e. P = Uq , where P is an N p xl matrix, Np is the total number of joint 
probabilities, q is an N q xl matrix, the total number of triple joint probabilities is N , and U is the conversion 

matrix with dimension N p X N . Using numerical method mentioned in [12, 13] we have solved equation P = Uq to 

find all possible Bell expressions that satisfy eq. (5). Using the three qubit GHZ state, we obtain the values of derived Bell 
expressions in quantum theory. The violation factor and the amount of violation for the expressions that are violated by 
quantum theory have been calculated and the inequality that is violated more strongly than those other expressions in 
quantum theory has been obtained. However we don't discuss these here, because the result that we are going to use in 
following can be tested directly and easily. 

Let's consider B 1 ^ = X and B^ = y where (X = 1,2,3, we find the following Bell expression with the help of 
numerical calculations mentioned above: 

o _ pooi pi 10 , 4pon , 4pi»o _ 4p"i _ 4p 100 1 p 000 1 p 011 _ 5p 100 _ 5p 001 

new yyy yyy yyy yyy xyy xyy xyy xyy yxy yxy 

_ 4p 100 _ 4p 010 _ p 001 _ p 111 + 5p 100 + p 111 + p 001 + p 101 _ 4p 011 

yyx yyx yyx yyx xxx xxx xxx xxx xxx 

(10) 

In appendix A, it is shown that: 

6 <1 (ii) 

new v ' 

Now we show that inequality (1 1) is violated by quantum theory. Consider a three-qubit Greenberger-Horne-Zeilinger state 
[14] which is: 

l^)o„z=>^('|ttt) + |Ui)) (12) 

where T and | are spin polarization along z axis. So in quantum theory, 6 ncw would become: 

6 ne =- + - + - + --0-0 + - + --0-0-0-0-0-0 + - + - + - + 0-0 = - (13) 
8888 44 444 2 

It can be seen that the violation factor and the amount of violation of the inequality (11) are 3.5 and 2.5 respectively, whereas 
the maximum violation factor and maximum amount of violation of the available inequalities so far, are both 2. 

To calculate the white noise tolerance of B in three qubit systems, we consider the following density matrix [11]: 



Pw hlt eNo 1S e=(l-V)|^) GHZGHZ (^|+-I (14) 

where V is the tolerance of the Bell expression, i.e. the maximum fraction of white noise admixture for which 

a Bell expression stops being violated. 

Obviously: 
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h\,hl,b\ . T -,b!,b J V 

P I = (1 - v ) P 1 + - ( 1 5) 



b; ,b 



b;, b J,b| 8 



l'"2'"3 "l'"2'"3 

T) b l' b ?- b ^ 

r is the joint probability in the presence of white noise. From equations (11) and (15), we 

B i' B 2' B ! 

have: 

B QM -B L 

_ , new new / 1 /- \ 

V- (16) 

£QM _ 1 g 

new g 

where B QM is the value of our Bell expression, B , according to quantum theory and B L is 

new new new 

the upper bound of 6 according to local theory, and f(g) is the number of positive(negative) 
terms in Bell expression. 

So the white noise tolerance of our equality, i.e. Eq. (11), is: 

I -i 

V= 7 20-32 ^ 



2 8 

which agrees with maximum value calculated up to now. 

IV. CONCLUSION 

In this paper, it is shown that a new bell-type inequality exists for the three-qubit system, i.e. a three particles 
system with two measurements for each side and two outputs for each measurement, in local theories and shown that this 
inequality is violated by quantum theory with a violation factor of 3.5 and violation amount of 2.5. We have also shown that 
white noise tolerance in this new Bell type expression is 0.5. Two typical bipartite qubit inequalities are CHSH and CH 
inequalities in which the violation factor is 0.414 and the tolerance of white noise is 0.292. The bipartite qutrits inequalities 
have been studied widely in recent years. Their maximum value of the amount of violation and the tolerance are predicted to 
be 0.87293 and 0.30385 respectively for maximally entangled state. Note that for inequalities in three qubit systems, the 
violation factor and amount of violation predicted are both 2 which are less than those of our inequality. Also the 
maximum white noise tolerance of available three qubit inequalities is 0.5, which agrees with 
white noise tolerance of our inequality. As no experiment is error- free, there was an endeavor to gain a kind of 
Bell type inequality that could be violated as much as possible, and would be experimentally easy to test non-locality feature 
of quantum theory, so in our inequality, this increment of violation factor and the amount of violation increase the accuracy 
of experiments in which the errors are inevitable. Also one of the advantages of our inequality is that it includes only 19 
different terms of joint probabilities whereas in other works it is much more than this ( for example in Mermin and 
Svetlichny inequalities, it is 32 and 64 respectively). So, our inequality requires less measurement which in turn, reduces the 
errors due to experiment. See [13]. 



Appendix A 

In this appendix we derive equation (11) From the definit: 

b[ ,b, 2 A A,b\ ,b 2 b[ ,b. 2 ,b' ,b 2 , ,b 2 

q B l B 2 B 2 lB 2 2 l 3 B 2=q 1 1 2 2 3 3 , for simplicity, 
B 1' B 1 • B 2 ,B 2 ,B 3 ,B 3 

pi io _q oioioo + q oiono + qOinoo + qOimo + qii 

t^OOI rt(vv\rti nnnm 1 ivnnni nAimi m> 



definition (2) and denoting 
we have: 



j i ioioo + qiiono + qimoo + qimio 
p 001 _q oooooi + q oooon + q00iooi + q ooion + qiooooi + qiooon + qioiooi + q 101011 
p 100 _qOioooo + qOiooio + qOiiooo + qOiioio + qiioooo + qiiooio + qinooo + qinoio 
pou —qoooioi _j_ q ooom + qOonoi + q ooi 1 i i + qiooioi + qioom + qionoi + qioim 

_ 000 _ 000000 , „ 000010 , „ 001000 , _ 001010 , n 010000 i n 010010 , n 011000 , _ 011010 
r xyy 4 1 1 """t 1 """t 1 1 

pflii _qOooioi + q00om + q00iioi + q00im + qOioioi + qOiom + qOinoi + q0inii 
pin_qOiono + q oiom + qOimo + q oi 1 1 1 1 + q 110110 + qiioin + q miio _|_qiiiin 
p 100 — q iooooo + q ioooio + ^ 1()100() + qioioio + qiioooo + qiiooio + qinooo + qinoio 
p 001 _ q ooooio + q00ooii + q00ioio + q00ion + qioooio + qiooon + qioioio + q 10101 1 
poio_qOooioo + q00oioi + q00iioo + q00iioi + qiooioo + qiooioi + qionoo + q 101101 
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pioo _ qOioooo + qOioooi + qOiiooo + qOiiooi + qiioooo + qiioooi + qinooo + qinooi 

p 111 = q 010110 _|_ q 010111 + qOiino + qOiiin + qiiono + qiioin + qiiino + qiiiin 
pi. 1.1 _qioioio + qioion + qioino + qionn + qinoio + qinon + qiiino + qiiiin 
pi.o,o _qiooooo + qiooooi + qiooioo + qiooioi + qiioooo + qiioooi + qiioioo + qiioioi 

0001 1 1 

po.o.i _q00ooio + q00oon + q00ono + q + qOiooio + qOioon + qOiono + qOioin 
pi. o,i _qioooio + qiooon + qioono + qioom + qiiooio + qiioon + qiiono + qiiom 

po.i.i _q00ioio + q00ion + q00ino + qOOim + qOiioio + q 011011 + qOimo + qOimi 
pioo_qOioooo + qOiooio + qOioioo + qOiono + qiioooo + qiiooio + qiioioo + q 110110 
pooi_q00oooi + q00oon + q00oioi + q00oni + qiooooi + qiooon + qiooioi + q loom 

After simplifying we obtain: 

ft __4qiinii _ 4q oiim + qioim — 4q uom + q 111011 — 4q mioi + q niiio + qOonn 
_,_ q oioin _4qOiion + qOinoi — 4qOiino — 4q 100111 + qioion — 4q 101101 + qiomo 
+ q noon + q noioi — 4q nono — 4q mooi + q moio + qiinoo _4qionoo _4q00ion 
_4qiooon _4qiooioi + qioono _4qioioio + qOioioi + qOioon _4qOiono + qioiooi 
+ q oooooo + q iooooo _4q0ioooo + qOoiooo _4q0ooioo + q00ooio _4qOooooi _4qiioooo 
_4q 101000 + q iooioo _4qioooio + qiooooi + qOiiooo _4qOioioo + qOiooio _4qOioooi 
— 4q oonoo _4q ooioio + qOoiooi + qOoono _4q00oioi _4q0ooon _4qinooo + qiioioo 
_4q nooio + q noooi + qOinoo + qOiioio _4qOiiooi _4q00ino + q00iioio + q00oni 

Please note that all q's are positive here, so according to equation 12, B is less than or equal to 1. 

REFERENCES 

1. J.S. Bell, Physics 1, 199-200 (1964). 

2. A. K. Ekert, Phys. Rev. Lett. 67, 661-663, (1991). 

3. J.F. Clauser, M.A. Home, A. Shimony, and R.A. Holt, Phys. Rev. Lett. 23, 880-884 (1969). 

4. A. Aspect, J. Dalibard, and G. Roger, Phys.Rev. Lett. 49, 1804-1807, (1982). 

5. G. Svetlichny, Phys. Rev. D 35, 3066 (1987). 

6. N. D. Mermin, Phys. Rev. Lett. 65, 1838 (1990). 

7. A.V. Belinsky and D.N. Klyshko, Phys. Usp. 36, 653 (1993). 

8. M. Ardehali, Phys. Rev. A 46, 5375 (1992). 

9. A. Cabello, Phys. Rev. A 65, 062 1 05 (2002). 

10. Jinho Chang, Younghun Kwon, Chaos, Solitons & Fractals 41, 1201-1207, (2009). 

11. A. Cabello, A. Feito, A. Lamas-Linares, Phys. Rev. A 72, 0521 12 (2005). 

12. H. Movahhedian, J. Phy. A 40, 2839-2847 (2007). 

13. H. Movahhedian, Quantum Information and Computation 9, 1&2, 0090-0102 (2009). 

14. D. M. Greenberger, M. A. Home, and A. Zeilinger, in Bell's Theorem, Quantum theory, 
and Conceptions ofthe Universe, edited by M. Kafatos (Kluwer, Dordrecht, 1989), p. 69. 

15. D. Collins, N. Gisin, N. Linden, S. Massar, and S. Popescu, Phys. Rev. Lett. 88, 040404, 
(2002). 



59 



